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Abstract
Let M be a monoid and X a non-empty set. M will be called a transformation monoid on X if

there is a mapping ¢ : M x X — X, for which we write ¢ (m,z) = m -z and which satisfies the
conditions:

1) (mimz)-x =ma - (m2 - ), for each x € X and for each mi,m2 € M.

2) 1y - x ==, for each z € X.
Let M and N be two monoids. Let N* be the set of all functions defined on M with values in N.
In this paper, we prove that the set N™ forms a monoid shch that for any ¢, € N™ let pip € NM
in N™ be defined for all m € M by: (¢w) (m) = ¢ (m) (m), the monoid M is a transformation
monoid on N™ in the following was:
if me M,pe NM, then (m-¢)(z) = o™ (z) = ¢ (zm) for x € M, and the set of all pairs (m, )
where m € M, € N™, with multiplications operation given by: (m,¢) (m/,4) = (mm’, pyp™)
where m,m’ € M and ¢,9 € N™ is a monoid. On the other hand, we present the direct product,
the cascade product and wreath product of state machines, also we calculate the monoids of state
machines.
Keywords: Free Monoid; Monoid of State Machine; Morphism of Monoids; State Machine; Trans-
formation Monoid; Wreath Product of Monoids

1 Introduction

The theory of machines that has developed in last twenty years, has had a considerable influence, not
only on the computer systems, but also biology, biochemestry, etc.

A semigroup is an ordered pair (S, -), where S is non -empty set and the dot ”-” is a binary operation
on S, i.e., a mapping (a,b) — a-b from S x S to S such that for all a,b,c € S,(a-b)-c=a-(b-¢)
(associative law).

A semigroup (S, -) with the identity element is called a monoid [10].

A state machine is a 3-tuple (Q, X, ), where

1) @ is a finite nonempty set (the set of states);
2) X is a finite alphabet (the set of inputs);

3) 4 is a function of Q X ¥ into @ (the transition function) [6] [7].
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The remainder of this paper is organized as follows. In Section 2, we begin with some elementary
material concerning of monoids and state machines. In Section 3, we present direct product, semidirect
product and wreath product of monoids. In Section 4, we introduce the direct product of state machines,
the cascade product and wreath product, also we calculate the monoids of state machines. Finally, we
draw our conclusions in Section 5.

2 Preliminaries

A monoid (M, -) consists of a set M together with a binary operation ” - ” on M such that

1) a-(b-¢)=(a-b)-cforallab,ce M;

2) There existes an identity 157 € M such that

a1y =1y -a=aforall ae M.

A monoid (M, ) is called commutative if the operation ” -”
is just a set S together with an associative binary operation.

Let X be any set and let X* = {f: X — X} be the set of all function from X to itself. Then
(X X, o) is a monoid, called the transformation monoide of X. In fact, the analogue of Cayley’s theorem
holds for monoids, and it can be shown that every monoid can be represented as a transformation
monoid.

Suppose that R is an equivalence relation on a monoid (M,-). Then R is called a congruence
relation on (M, -) if aRb implies acRbc and caRcb for all a,b,c € M. The congruence class containing
the element m € M is the set [m] = {x € M : zRm}.

If R is a congruence relation on the monoid (M, ), the quotient set M/R ={[m]: m € M} is a
monoid under the operation defined by [m][n] = [mn]. This monoid is called the quotient monoid of
M by R.

If (M,-) and (N,A) are two monoids, with identities 15, and 1y, respectively, then the function
f: M — N is a monoid morphism from (M, -) to (N, A) if

1) f(z-y)=f(z)Af(y) for all 2,y € M,
2) f(ln) =1n.

A monoid isomorphism is simply a bijective monoid morphism.
Let M be a monoid and X a non-empty set. M will be called a transformation monoid on X if there
is a mapping ¢ : M x X — X, for which we write ¢ (m,x) = m - z and which satisfies the conditions:

is commutative. Hence a semigroup (S, -)

1) (myimg) -z =my - (mg - x), for each z € X and for each my, mg € M.
2) 1y -x =z, for each z € X.

For every transformation monoid M on X, there is a homomorphism ¢ : M — E (X), the monoid
of all mappings f: X — X, given by ¢ (m) = f, where f (x) =m -z for all z € X.

We formally define an alphabet as a non-empty finite set. A word over an alphabet ¥ is a finite
sequence of symbols of . Although one writes a sequence as (01,09, -+ ,0,), in the present context,
we prefer to write it as o109 ---0,. The set of all words on the alphabet ¥ is denoted by ¥* and is
equipped with the associative operation defined by the concatenation of two sequences [I1 []:

Qg - Oénﬁlﬁz e '5m =i anfife - ﬂm~
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This operation is associative. This allows us to write w = o105 - - - ,,. The string consisting of zero
letters is called the empty word, written e. Thus, €, a, 8, aafa, aaafa are words over the alphabet
{a, f}. Thus the set X* of words is equipped with the structure of a monoid. the monoid X* is called
the free monoid on ¥. The length of a word w, in symbols |w|, is the number of letters in w when each
letter is counted as many times as it occurs. Again by definition, |¢| = 0. For example |afSa| = 3 and
|afafaal = 6. Let w be a word over an alphabet ¥. For o € 3, the number of occurrences of o in w
shall be denoted by |w|,. For example |aSal; =1 and [afafaal, =4 [3, 4.

Let (X*,-) be the free monoid generated by ¥ and let ¢ : ¥ — X* be the function that maps each
element o of ¥ into the corresponding word of length 1, so that i (0) = 0. Thenif f : ¥ — M
is any function into the underlying set of any monoid (M, -), there is a unique monoid morphism
h:(X*,-) — (M,-) such that hoi = f.

A state machine is a triple S = (Q,%,9) where @ is a finite set of states, 3 is a finite set of
symbols called the input alphabet and § : @ x ¥ — @ is a partial function called the transition
function. The transition function can be extended naturally to sequences of input symbols, by letting
d(q,wo) =0(6(q,w),0) and d (g,e) = ¢, for all w € ¥*, 0 € ¥ and ¢ € Q.

A state machine S = (Q, 3, d) is called complete if the partial function § : Q@ x ¥ — @ is in fact a
function. In this situation we can specify what the resultant ¢ (¢, o) is for all possible combinations of
g€ QandoeX.

Let o € ¥, define §, : Q — Q by 6, (q) = d(q,0) for each ¢ € Q. Let w € T be a word of
length at least 1 with symbols from ¥. Suppose that w = o105 - - - 0, then we define §,, : Q@ — Q by
Sw (q) = 00,00, =+ 00y ()-

Let S = (Q,%,6) be a state machine, define the monoid morphism h : (3*,:) — (Q%,0) by
h (w) = 0. Define the relation R on ¥* by wRw' if and only if h (w) = h (w’). This is easily verified
to be an equivalence relation. Furthermore, it is a congruence relation. The goutient monoid (X*/R, )
is called the monoid of the state machine (@, %, 0).

3 Direct Product, Semidirect Product and Wreath Product of
Monoids

In this section, we present direct product, semidirect product and wreath product of monoids.

Proposition 1.  Let M and N be monoids, consider the set M x N the cartesian product of M and
N, and define a multiplication” -7 on M X N as follows:

(m1,n1) - (m2,n2) = (M1ma, ning) .
This result is a monoid (M x N, -) with is called the direct product of M and N.

Proof. Tt is easy to show that this product is associative and the identity element in M x N is (157, 1n).
O

Example 1. Let M = (N, +) and N = (N, x), then in the direct product M x N we have (m,n)-(r,s) =
(m+rnxs).

Proposition 2. Given three monoids M, N, L we can form the direct product (M x N) x L similarly
M x (N x L) and the relationship between these two monoids is the isomorphism [6]:

(MxN)xL2Mx(NxL).
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Proof. The isomorphism is h: (M x N) x L — M x (N x L) defined by

h((mvn)J) = (m, (n,l)),
where m € M,n € N,l € L. O

Proposition 3. Given any monoids M and N, suppose that 0 : N — End (M) is a monoid morphism.
Then (M x N,-) is a monoid under the operation ” -7 defined by (m,n) - (m/,n') = (mf (n) (m’),nn’)
where m,m’ € M,n,n’ € N. The monoid (M x N,-) is called the semidirect product of M and N with
respect to 0 and it is denoted by M xg N. [1,8,9]

Proof. From [6]:

1) We will prove that ” -7 is associative on M x N: let m,m’;m” € M,n,n’,n” € N, we have

I
A/\g\/\/\
SRS

Also we have

(m7 n) : ((m/’n/) : (m//’n”»
(m,n) (m'0 (n') (m") ,n'n")
= (mf (n) (m'0 (n’) (m")),n(n'n")).
Then ” -7 is associative on M x N.

2) For (m,n) € M x N, (m,n)- (1p,1n) = (mO (n) (1p7) ,nly) = (mlpr,n) = (myn).
Also (1p,1n) - (myn) = (10 (1) (m),1yn) = (IpIdpas (m),n) = (m,n). Hence (M x N,-) is
a monoid.

O

Proposition 4. Let M and N be two monoids. Let NM be the set of all functions defined on M
with values in N.

1) The set NM forms a monoid shch that for any o, € NM let oip € NM in NM be defined for
all m € M by: (pp) (m) = ¢ (m)1 (m).

2) The monoid M is a transformation monoid on N™ in the following was:
o Ifme M,pe NM then (m-p)(x) =™ (z) = ¢ (zm) forz € M.

3) The set of all pairs (m,p) where m € M, € NM™ | with multiplications operation given by:
(m, ) (m',9) = (mm’, pyb™) where m,m’ € M and ¢,v € NM is a monoid [1, 18, [9].

Proof.

1) First we will prove that the set N™ froms a monoid shch that for any ¢, € NM | let o¢p in NM
be defined for all m € M by: (¢¢) (m) = ¢ (m) ) (m).



L.J. of Electronics and Information Engineering, Vol.8, No.2, PP.75-87, June 2018 (DOI: 10.6636/1JEIE.201806.8(2).01) 79

a. NM is non-empty and is closed with respect to multiplication. If p,1 € N™ then ¢ (m),v (m) €
N, for all m € M. Hence ¢ (m)vy(m) € N. This implies that (¢9)(m) € N and so
oy € NM.
b. Since multuplication in N is associative, so also is the multuplication in NM.
c. The identity element in N is the map e : M — N given by e(m) = 1y, for all m € M,
where 1y is the identity element of N.
2) Second, we will prove that M is a transformation monoid on N™ in the following was: if m €
M,p € NM then (m- ) (z) = 9™ (z) = ¢ (zm) for z € M.
Take o, € NM and m, m’ € M, then

((mm')- f)(z) = f(zmm)
(-’ ) (@) = (m- ") (@)
= (M) @
£ (am) = f (wmm’)
P (@) = p(ala)
= o(x)
()" (@) = o (em)
= (em) ¢ (zm)
= " (@) (x).
(™)™ () = ¢" (am)
= (am'm)
= "M (z).

Then (™)™ = pm'm,
3) We will prove that M x N is a monoid with multiplication:
(m, @) (m', ¥) = (mm/, py™)
where m,m’ € M and ¢, € NM:

a. Closure property follows from the definition of multiplication.
b. Take @,1,n € NM and m,m/,m” € G, then

((m.0) (') (m"sm) = (e, o) (")
= ((mm'ym”, gy’
Also we have
(m, @) (', 0) (m",m)) = (o) (m'm"",uom™ )
(m 'm0 () ")

= (mOn'm"), vy
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c. We know that for every ¢ € NM o™ = ¢ now for every m € M, the map ¢ — @™ is
an automorphism of N™. Also if e is the identity element in N™, then ¢™ = e. We have
(m, ) (Lar,€) = (mlag, ™) = (moe) = (m,). Also (Lur,e) (m,) = (Lym, ep's) =
(m, ep) = (m, ). Thus identity element exists.

Hence M x NM is a monoid with respect to the multiplication defined above. O]
Remark 1. If the monoid M is commutative, then M x N™ is a monoid with multiplication (m, @) (m', ) =

(mm’7 me/’L/J) where m,m’ € M and @, € NM.

Proposition 5. Let M and N be two monoids, and let MY denote the set of all functions from the
monoid N to the monoid M, then the set MN x N is a monoid under the multiplication (¢, n1) (1, n2) =
(p1h, n1no) where pip € MY is defined by

v () = ¢ (2) ¥ (zn1)

for x,n1,ne € N and @, € MV
We call the monoid MY x N the wreath product of M and N [1, 8, [9].

Proof. From [6]:

1) We will prove that the multiplication is associative on M~ x N. Let ¢, %, n € MY and ny,ny,n3 €
N then

((‘pvnl) (1/%”2)) (777”3) = (%’1/% nln?) (77777‘3)
= ((¢¥)n,nanang).

And

((,07711) ((w7n2) (777n3)) = ((pvnl) (n2n3’¢7l)
= (¢ (¥n),ninans).

The, we will prove that
() n = ¢ (¢vn).
Let x € N, then

((p)n) (x) = (p¥) (z)n (zning)
@ ()Y (zn1)n (zning) .

And

(p(m)(x) = ¢(x)yn(zm)
= @ (x) ¢ (zn1)n (zninz).

2) Let the map e : N — M given by e(n) = 1, for all n € N. We have

(Qoa TL) (6, 1N) = (9067 n]-N)
= (@67 n) Y
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where
(pe) () = ¢(z)e(an)
= ¢(@)ln =9 (2)
for n,z € N and ¢ € M¥, then

(@vn) (6, IN) = ((p,n).
Also
(671N) (907”) = (690711\771)
= (e<p,n),
where
(ep)(x) = e(x)p(2ly)
= lup(z)
= o).

Then (e, 1x) (¢,n) = (p,n). The identity element in MY x N is (e, 1y).
O

4 Applications of Products of Monoids on The Monoids of
State Machines

In this section, we present the direct product of state machines, the cascade product and wreath product.

Definition 1. Let S1 = (Q1,%1,01) and So = (Q2,X2,d2) be state machines. Suppose that S7 and
So are state machines with the same unput . Connecting them up in this way, will produce a new
state machine S1 x So = (Q1 X Q2,%,01 X J2) where (01 X 62) ((q1,q2) ,0) = (61 (q1,0),02 (q2,0)) for
o€, (q1,92) € Q1 X Qs.

We call this state machine the restricted direct product of S and Sy [3, [6].

Example 2. Let S; = (Q1,%1,01) be state machine where Q1 = {0,1},%1 = {0} and §1 : Q1 xX; —

(51 g
Q1 given by: | 0 | 1 | and Sy = (Q2,X2,d2) given by
1 0
Q2 = {07 ]-}a
22 = {O'}
(52 g
Ja:QaxXy — Q2 |0 |1
1 1
Then S1 X Sy = (Ql X QQ,E,(Sl X 52) where Ql X Qg = {(0,0),(0, 1) s (1,0),(1,1)}, 01 X 0o :
(51 X (52 o
(0,00 | (1,1)
(Q1 X Q2) XX — (Q1 X Q) given by: | (0,1) (1,1)
(1,0) |(0,1)
(1,1) 1(0,1)
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Define 05 : Q1 — Q1 by 0, (q) = d (q,0) for each q € Q1. We have 6, = ( (1) (1)

Idg,, Let w € {o}" be a word of length at least 1 with symbols from {c}. Suppose that w = o™, n € N*
then we define (61),, : Q1 — Q1 by (01),, (q@) = 0505 - - 05 (q). We have

A Ido, ifn=2kkeN
w 5, ifn=2k+1,keN

> and 8, 00, =

M (o)) — (@24.0)

by hy (w) = 6. Define the relation Ry on {o}" by wRiw' if and only if hy (w) = hy (w'). This is
easily verified to be an equivalence relation. Furthermore, it is a congruence relation. The qoutient

{o}" /Ry ={ld], [o]}-

The monoid of the state machine (Q1,{c},d1) is given by: | [e] | [e] | [o
[o] | [o] | [€]
Define 02 : Q2 — Q2 by 65 (q) = (q,0) for each q € Q2. We have 6, =

(1) 1 , Let w e {o}"
be a word of length at least 1 with symbols from {o}. Suppose that w = c™,n € N* then we define

(02),, : Q2 — Q2 by (62),, (¢) = 6505 --- 05 (q). We have

5= IdQl ifTL:O
w 6, ifn €N

e (o)) — (@9,0)

by hs (w) = &y. Define the relation Ro on {o}" by wRow' if and only if he (w) = ho (w'). This is
easily verified to be an equivalence relation. Furthermore, it is a congruence relation. The qoutient

{o}" /R2 = {[d], [o]}-

|l | o]
The monoid of the state machine (Q2,{c},d2) is given by: | le] | [e] | [o
ol | lo] | o

Define (01 x 62), : Q1 X Q2 — Q1 X Q2 by (61 X 2), ((¢1,92)) = (61 (q1,0),02 (g2,0)) for each

(q1,92) € Q1 X Q2. We have

(0,00 (0,1) (1,00 (1,1)
(01 %2), = *”:(u,l) (1,1) (0,1) <071>)’
2 (070) (071) (170) (151)
LA ((o,n (0,1) (1,1) <1,1>>’
= .

Let w € {cr}+ be a word of length at least 1 with symbols from {c}. Suppose that w = c™,n € N* then
we define

(01 X d2),, : Q1 X Q2 — Q1 X Q2
by
(01 X 82),, ((q1,42)) = 0605 -+ - 65 ((q1,q2)) -
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We have

IdQl zfn:()
(61X62)w: ) ifn=2k+1,keN
2 ifn =2k keN*

¢:({o}",) — ((Ql X Qg) X a°>

by ¥ (w) = (01 X 02),,-

Define the relation R on {o}* by wRw' if and only if 1 (w) = ¥ (w'). This is easily verified to be an
equivalence relation. Furthermore, it is a congruence relation. The qoutient {o}" /R = {[¢],[0], [0?] }.
The monoid of the state machine (Q1 X Q2,{0},01 X d2) is given by:

: [ [[o] |0
[l [ld |lo] ||o°
o] [lo] [[o] | lo]

[ [[o*] [ [o] [ [o7]

Definition 2.  Let S1 = (Q1,%1,91) and Sa = (Q2, X2, 02) be state machines. We define

S1 X Sy = (Q1 X Q2,%1 X Yo, 81 X d3)
where

(61 % 32) ((q1, 92) ; (01,02)) = (1 (q1,01) , 62 (g2, 02))

for

(01,02) € X1 X g, (q1,¢2) € Q1 X Q2.
We call this state machine the full direct product of S and Sy [3, [6].
Example 3. Let S; = (Q1,%1,01) be state machine where Q1 = {0,1},%1 = {o} and §, : Q1 xX1 —

61 g
Q1 given by: | 0 | 1 | and Sy = (Q2,X2,d2) given by
1 0
Q2 = {0’ 1} s
Y = Ao}
0 | o | T
52 : QQ X 22 — QQ 0 1 0
1 110

Then Sl X SQ = (Ql X QQ,Zl X 22,51 X (52) where Ql X QQ = {(0,0) y (07 1) s (170) s (1, 1)}, (51 X (52 :
(Q1 x Q2) X X1 x ¥y — (Q1 X Q2) given by:

01 X 02 | (0,0) | (0,7)
(0,00 | (1,1) | (1,0)
(0,1) (1,1) | (1,0)
(1,0) | (0,1) | (0,0)
(1,1) (0,1) | (0,0)
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Define §, : Q1 — Q1 by 65 (q) =6 (q,0) for each q € Q1. We have

0 1
w=(V5)
and 85 0 65 = Idg,, Let w € {0} be a word of length at least 1 with symbols from {o}. Suppose that
w=0"n€N* then we define (61), : Q1 — Q1 by (61),, (¢) = 0505 - - -5 (q). We have

s _ | Ido, ifn=2kkeN
w 5, ifn=2k+1,keN

m (o)) — (20)

by hy (w) = &y. Define the relation Ry on {o}" by wRyw' if and only if hy (w) = hy (w'). This is
easily verified to be an equivalence relation. Furthermore, it is a congruence relation. The qoutient

{o}" /Ry = {[d], [o]}-

The monoid of the state machine (Q1,{c}, 1) is given by:

le] | [e] | [o
[o] | [o] | [€]

Define 6 : Q2 — Q2 by 65 (q) = d2(q,0) for each q € Q2, 67 : Q2 — Q2 by d; (q) = d2 (q,7) for each
q € Qz. We have
0 1
50 - ( 1 1 )7
0

1
o = (0 0)’

0g 00, = 0,00,
= 04,0; 00,
= 6,00,
- 5,

Let w € {o,7}" be a word of length at least 1 with symbols from {o,7}. We have

Idg, ifw=c¢
Sw=1< 0, ifwef{oT} o
5, ifwe{o T} T

he: (fo},) — (@§7.0)
by he (w) = 8. Define the relation Ry on {o,7}" by wRow' if and only if ho (w) = hg (w'). This

is easily verified to be an equivalence relation. Furthermore, it is a congruence relation. The qoutient

{o,7}" /R2 = {[d] . o], [7]}-

The monoid of the state machine (Q2,{c,7},d2) is given by:
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Define (61 x 52)(0,0) (Q1 X Q2 — Q1 X Q2 by (91 x (52)(0’0) ((q1,42)) = (01 (q1,0) , 02 (g2, 7)) for each
(q1,92) € Q1 X Q2. We have

(0,0) (0,1) (1,0) (1,1)
((51 X (52)(0,0) =n = ( (1’ 1) (17 1) (071) (Oa 1) ) ’
~ (0,00 (0,1) (1,0) (1,1)
(. <<o,1> 0.1 (1.1) <1,1>>’
7=

And (01 x 52)(0,7) $Q1 X Q2 — Q1 x Q2 by (61 52)(077) ((q1,92)) = (61 (q1,0),02 (g2, 7)) for each
(q1,q2) € Q1 x Q2. We have

(0,0 (0,1) (1,0) (1,1)

01X 0)omy = p = ((LO) (1,0) (0.0) <o,o>>’
2 _ (070) (071) (150) (1’1)
= <(o,0> (0,0) (1,0) (1,0))’
wo=n

; €] [(0,0)] | [(0,0)"] [(0,7)] | [(0,7)’]
€] ] [(0,0)] | [(0,0)°]] [(:7)] | [(0,7)"]
[(0,0)] | [(0.0)] | |(@.0)?| [(ov0)] | |(0.7)?| [(0,7)]
[(0,0)°) |(0.0)°| [(0,0)] | [(0,0)%) [(o,7)] | |(o7)"
[(0,7)] | [(e.7)] | |(0.0)?| [(ov0)] | [(:7)]| [(0,7)]
[(0,7)]] [(0,7)°] | [(0,0)] | [(0,0)7]] [(0,7)] | [(0,7)°]

Definition 3.  Let S; = (Q1,%1,01) and So = (Q2, X2, 02) be state machines. We define the cascade
product of S1 and So with respect to w : Qo X Xg — X1 by

S1wSs = (Q1 X Q2,%2,0%)
where
0“ ((q1,92) , 02) = (01 (q1,w (q2,02)) , 62 (g2, 02))

for o2 € 33, (q1,42) € Q1 x Q2 [3, 6.
Example 4. Let S1 = (Q1,%1,01) be state machine where Q1 = {0,1},%; = {o,7} and &1 :

0 | o | T
Q1 XY — Q1 givenby: |0 | 1|0 and S = (Q2,%2,02) given by Q2 = {0,1}, Xo = {0} and
1 110

=19

. Define a mapping w: Qz X Yo — 31 by w (0,0) =o,w(l,0) = 7.

P
02 1 Q2 X Xg — Q2| 0
1
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The cascade product S1wSs = (Q1 X Q2, Xa,0%) where given by

Define (6“), : Q1 x Q2 — Q1 x Q2 by (6*), ((¢1,¢2)) = (01 (q1,w (g2, 0)) , 62 (g2, 0)) for each (q1,q2) €
Q1 X Q2. We have

w (0,0) (0,1) (1,0) (1,1)
(0%), =¢ = < (1,1) (0,0) (1,1) (0,0) >
w _ 42 (an) (07 1) (170) (1’ 1)
®e=s = (oo (1) @0 o)
The monoid of the state machine S1wSs is given by
- | [d [o] [0°]
[e] | [€] [o] [0°]
ol | ] o] o]
o?]| [0?] o] o]

Definition 4. Let S1 = (Q1,X1,91) and So = (Q2, Yo, d2) be state machines. We define the wreath prod-
uct of Sy and S5 by WSz = (Q1 x Qo, B x T, 6W ) where 6™ ((a1,2) , (f,02)) = (31 (a1, f (a2)) , 82 (42, 72))
fOT o9 € ZQaf S 2?27 (Q1>Q2) S Ql X Q? [5; 67 7/

Example 5. Let S1 = (Q1,%1,01) be state machine where Q1 = {0,1},%; = {o,7} and &; :

0 |o| T
Q1 XY — Qq given by: | 0 | 1 | 0 |and Sy = (Q2,X2,02) given by Q2 = {0,1}, Xo = {0} and
1 110
52 g
02 : Q2 x Xy —> Q2| 0 | 1 | Denote the four elements of 2?2 by f1, f2, f3, fa where
110
fi(0) = fi(0)=0
f200) = o f2(1)=7
f300) = 7,fs(1)=0
fa(0) = fa(1)=71
Then the state machine S1W Sy has the table
" (0,0) | (0,1) | (1,0) | (1,1)
(fi,0) | (1,1) | (1,0) | (1,1) | (1,0)
(anU) (1’ 1) (0’0) (1’ 1) (070)
(fz,a) (Ov 1) (170) (07 1) (1’0)
(f4a0) (O’ 1) (0’0) (0’ 1) (0’0)
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Define (6W)(f1,g) : Q1 X Q2 — Q1 X Q2 by (5W)(f1,a) ((q1,92)) = (61 (q1, f1 (q2)) , 02 (g2, 0)) for each
(q1,92) € Q1 X Q2. We have

o = o= (00 00 G0 Go)-
e = 2= (00 00 00 60 )-
M = 7= (60 10 61 )
M = 2= (00 08 & &)

5 Conclusion

In this paper, we give a specific transformation monoid, after that, we give the monoids of state machines
associate with the direct product, the cascade product and wreath product of state machines.

References

[1] A. A. Ibrahim and M. S. Audu, “On Wreath Product Of Permutation Groups,” Proyecciones
Journal of Mathematics, vol. 26, no 1, pp. 73-90, May 2007.
[2] B. Baumslag and B. Chandler, Theory and Problems of Group Theory, New York University, 1968.
[3] J. Berstel and D. Perrin, Theory of Codes, Academic Press, 1984.
[4] N. Ghadbane and D. Mihoubi, “A construction of some group codes”, International Journal of
Electronics and Information Engineering, vol. 4, 2016.
[5] A. Ginzburg, Algebraic Theory of Automata, Academic Press, New York, 1968.
[6) W. M. L. Holcombe, Algebraic Automata Theory, Cambridge University Press, 1982.
[7] J. M. Howie, Fundamentals of Semigroup Theory, Oxford Science Publications, 1995.
[8] S. Majumdar, K. Kumar Dey and M. A. Hossain, “Direct product and wreath product of trans-
formation semigroups”, Ganit Journal of Bangladesh Mathematics, vol. 31, pp. 1-7, 2011.
[9] A. E. Nagy and C. L. Nehaniv, Cascade Product of Permutation Groups, Centre for Computer
Science and Informatics, U. K and Centre for Research in Mathematics, Australia, 2013.
[10] H. J. Shyr, Free Monoids and Languages, Soochow University Taipei, Taiwan, R.O.C, 1979.

Biography
Nacer Ghadbane is a research scholar in the Laboratory of Pure and Applied Mathematics, Depart-
ment of Mathematics, University of M’sila, Algeria.

Douadi Mihoubi is a professor in the Laboratory of Pure and Applied Mathematics, Department of
Mathematics, University of M’sila, Algeria.



	Introduction
	Preliminaries
	Direct Product, Semidirect Product and Wreath Product of Monoids
	Applications of Products of Monoids on The Monoids of State Machines
	Conclusion
	REFERENCES

